Abstract. Let G be a nite group of Lie type and let k be a eld of characteristic distinct from the de ning characteristic of G. In studying the non-describing representation theory of G, the endomorphism algebra SG; k = End kG L J ind G P J k plays an increasingly important role. In type A, by work of Dipper and James, SG; k identi es with a q-Schur algebra and so serves as a link between the representation theories of the nite general linear groups and certain quantum groups. This paper presents the rst systematic study of the structure and homological algebra of these algebras for G of arbitrary type. Because SG; k has a reinterpretation as a Hecke endomorphism algebra, it may be analyzed using the theory of Hecke algebras. Its structure turns out to involve new applications of Kazhdan-Lusztig cell theory. In the course of this work, we prove two strati cation conjectures about Coxeter group representations made in CPS4 and we formulate a new conjecture about the structure of SG; k. We v erify this conjecture here in all rank 2 examples.
J i =J i,1 is a projective left A=J i,1 -module, we call the strati cation standard. An algebra A is quasi-hereditary if and only if it has a standard strati cation of length equal to the numberof irreducible A-modules.
In general, it is desirable to obtain strati cations of an algebra of as long a length as possible that length never exceeding the number of irreducible modules. Block indecomposable symmetric algebras, such as the blocks of nite group algebras, do not even possess a non-trivial standard strati cation of length 2. However, that situation changes when passing to endomorphism rings: End kG k L kG, for G a non-trivial nite p-group and p = c har k, has a non-trivial standard stratifcation of length 2 CPS4; 6.1 . The generation of many substantial examples of strati cations of length 3 is a main consequence of the present paper. The strati cations 1 Suppose, for example, that G = Sp2n; q, p 6 = 2, and q is not a primitive 2mth root of 1 in k for some m n. Then, by DJ4; 4.17 , e H k is Morita equivalent to a nite direct product of Hecke algebras associated to direct products of two symmetric groups. Using this Morita equivalence, the quasi-heredity o f q-Schur algebras, and the fact that a tensor product of quasihereditary algebras is quasi-hereditary W; 1.3 , it follows that SG; k is quasi-hereditary in this case. Geck and Hiss have pointed out to us that GrH contains a detailed argument.
we present are not, in general, standard. However, we conjecture that there are standard strati cations of related algebras of much longer length, closer to that obtained for the quasi-hereditary algebra. As discussed above, many o f the strati ed algebras we discuss appear to be important for the non-describing representation theory of nite groups of Lie type.
A main theme of CPS4 concerned su cient and sometimes necessary conditions, in terms of an abstract Specht module" theory for an algebra R, guaranteeing that an endomorphism algebra A = End R T have a strati cation. In that direction, CPS4 presented several conjectures involving nite Coxeter groups W. In brief, the rst conjecture asserts that End kW L J ind W W J k admits a strati cation with at least three strata, while the second conjecture makes more precise assertions involving an appropriate Specht module theory. A third conjecture which was joint work with the rst author of this paper was also brie y discussed|see x2.5 below. The present paper extends these conjectures to include Hecke algebras associated to nite Coxeter groups. We then prove the rst two conjectures and lay the groundwork for an attack on the third conjecture. That conjecture given in 2.5.2 proposes a long strati cation|of length equal to the numberof two-sided Kazhdan-Lusztig cells in the Coxeter group|for a related algebra. In type A now treated in DPS , the proposed construction can be chosen to yield a quasi-hereditary algebra, viz., the q-Schur algebra.
Our paper is organized as follows. Section 1 is largely foundational. In x1.1, we set up a general framework for a modular representation theory of Hecke algebras over regular rings of Krull dim. 2 based on a result of Auslander-Goldman AG1 .
In particular, we adapt in this more general setting some familiar results of Brauer.
The remainder of x1 develops the theory of stratifying systems for algebras over general commutative, Noetherian rings, indicating somewhat stronger results when working over a regular ring of Krull dim. 2.
Section 2 takes up the theory of Hecke endomorphism algebras. Although our motivation comes from nite groups of Lie type, we consider more generally the generic Hecke algebras over Z t 2 ; t ,2 associated to an arbitrary nite Coxeter system and we allow specializations t 2 7 ! q in a eld k in which q is not necessarily the image of a prime power. Note that even in the nite group case, it is useful to allow q to be more general, e. g., an indeterminate, to allow for preliminary specializations to rings of Laurent polynomials over elds. After some preliminary work in xx2.1, 2.2, we study various cell ltrations" in x2.3 for induced representations. In this section, the Kazhdan-Lusztig cell theory for Coxeter groups KL , L2 plays an important role. The main result of this subsection, Theorem 2.3.9, establishes a remarkable homological property for cell ltrations of certain induced modules. These ideas combine with those of x1 to prove our main results in x2.4.
Thus, by means of the isomorphism 1, Theorem 2.4.4 veri es, as a special case, that the algebras SG; k above have a strati cation of length 3; see 2.4.9.
Another special case of this theorem proves the rst two conjectures for Coxeter groups made in CPS4 ; see 2.4.5 and 2.4.6. A further interesting consequence is that the algebra SG; k satis es a kind of non-describing characteristic" version of Kempf's vanishing theorem for the cohomology of homogeneous line bundles on ag varieties; see 2.4.7 and the discussion in 2.4.8. Finally, x2.5 considers the third conjecture CPS4; fn. 26 , proving one main formal consequence.
Section 3 treats in some detail some cases when G has type B 2 or G 2 . In particular, in x3.5 we verify Conjecture 2.5.2 for all rank 2 groups of Lie type.
As mentioned above, DPS proves the conjecture in type A. Finally, an appendix x4 proves|largely for the convenience of the reader|a semisimplicity criterion for modular Hecke algebras. Although this criterion is known see, e. g., Gyo j a Gy and Fleischmann F , our proof discovered independently is more direct for our purposes.
We thank M. Geck and G. Hiss for providing us with some references.
Notation. By a quasi-poset, we mean a set having a re exive and transitive relation . A quasi-poset always determines a surjective map : ! O. In the representation theory of nite groups, O is usually taken to be a discrete valuation ring. The general local triple will generally give birth" to a number of further local triples involving discrete valuation rings, through localization or factoring out by ideals see 1.1.4 below. It is not, however, convenient to restrict our general set-up to the discrete valuation ring case, because it is too restrictive for the modular representation theory of Hecke algebras. In that case, it is useful 2 A v ery general Brauer theory is developed in GR . For some of the discussion in this paper, e. g., 1.1.3, we could quote their results. However, when working over regular rings of Krull dimension 2 the relevant case for Hecke algebras considered here, a simpler theory exists, which is in some ways stronger. For example, 1.1.1 shows the existence of lattices, just as in the classical theory over discrete valuation rings. In this case, we say the stratifying system is strict. Suppose that we are given a stratifying system for e A C with respect to a quasiposet . De ne an equivalence relation on by putting if and only if e = e
. By 1.2.41, the corresponding equivalence classes are contained in cells of . Hence, there is a quasi-poset structure on the set min of equivalence classes so that the quotient map ! min , 7 !, is a morphism of quasi-posets.
If we put e = e for all 2 min and any 2, then f e g is a stratifying system for e A C. We do not require being minimal in 1.2.4 because, in practice, the larger quasi-posets sometimes appear naturally; see 2.4.3 and 2.5.2 below.
Also, in 1.2.4, we do not insist that e is indecomposable. When Z is a eld and the strati cation is strict, the indecomposable components of the e all have simple heads CPS4; 6.4.6 , and can beuniquely de ned in terms of their heads and the order relation, cf. CPS4; 2.2.2d .
When f e g is a stratifying system for e A C, we call the e the standard objects for e A C. We now give conditions for checking that a collection of modules is a stratifying system. In particular, the notion behaves well under base change. Then the following four statements are equivalent:
1 f e g 2 is a stratifying system for e A C.
2 f e k g 2 is a stratifying system for e A k C, for any k = Z=m, where m is a maximal ideal of Z.
3 f e k g 2 is a stratifying system for e A k C, for each eld k which is a Zalgebra.
4 f e Z 0g 2 is a stratifying system for e A Z 0 C, for each commutative Z algebra Z 0 .
Finally, assume that 1.2.42 0 holds and, in the statements of 1, 2, 3, 4 above, the phrase stratifying system" is replaced b y strict stratifying system". Then the resulting statements are equivalent.
Proof. Assume that 1 holds, and let Z 0 be as in 4. Each e Z 0 is a homo- A over a eld k. One way to do this has already been indicated in x1.2, using 1.2.10 over a larger ring Z, together with 1.2.5 and 1.2.8. However, in the absence of an integral structure, the appropriate strati cation hypothesis is quite complicated. Nevertheless, the more elaborate conditions in 1.3.2 can often be checked directly. We illustrate this explicitly in x3|the only place this subsection plays a role in this paper.
Let A bea nite dimensional algebra over k. We will say that A C is standardl y strati ed if it has a strict stratifying system fg 2 in the sense of 1. 1.3.3 Theorem. Assume Hypothesis 1.3.2 holds. Then A C is standardl y strati ed with respect to , using the standard objects = Im , 2 .
1.3.4 Remark. CPS4; 3.3 .2 provides a converse to 1.3.3. Thus, Hypothesis 1.3.2 is essentially required in order to standardly stratify A C, through an endomorphism ring structure on A.
Hecke endomorphism algebras
In x2.1, some generalities involving Hecke algebras are taken up. Quite general cell ltrations" are brie y discussed in x2.2. These concepts are applied in x2.3 to establish important properties of the dual left cell ltration" and the dual right-set ltration" for certain induced representations. Using the results of x1, we prove the main strati cation results in x2.4. In particular, 2.4.5 and 2.4.6 prove the rst two conjectures in CPS4; x6 . Finally, x2.5 discusses a stronger conjecture involving standard strati cations. H with basis fC + w g w2W . In x2.4, we will use yet another quasi-poset structure, the right-set order R , o n W. Given w 2 W, its right-set resp., left-set is de ned by Rw = fs 2 S j ws wg resp., Lw = fs 2 S j sw wg. Then completely determined by specifying x = fx 2 e E ;R iZ 0 satisfying s x = q s x for all s 2 . By 2.3.4 and 2.3.6, the possible x are merely all Z 0 -linear combinations of those C + y such that Ry = i t for some t m , i and L x. Thus, both sides of 2.3.8.3 are Z 0 -free of the same rank, and base change carries a basis of the left hand side to one of the right hand side.
Finally, the discussion in the previous paragraph shows that the maps in 2.3.8.2
carry a basis to a subset of a basis of the image spaces.
With an eye to using 1.2.9, we n o w establish the following important homological result for the ltrations e F ;R and e F de ned in 2.3.6 and 2.3.7, respectively. Recall that in de ning these ltrations, we have xed a linear ordering compatible with inclusion on the power set of S. Also Hence, = ; is the unique minimal element in .
Finally, S 1, so 3, and 3.
We are now ready to establish that the algebra e A = End e H e T has a strati cation of length 3. By 1.2.8, it su ces to show that the module category e A C has a stratifying system f e R g 2, for a quasi-poset , satisfying , 3. In fact,
we will take , = , the power set of S with the quasi-poset structure de ned by 2.4.3. One can prove 2.4.10 more directly, using 2.3.8, and even show the resolutions obtained can be taken to be nite|details are left to the reader. These resolutions appear to be dual to the generalizations of the Coxeter complex obtained in M .
We conclude this subsection with the following rank 2 result. We will consider In each of the examples below, we provide enough detail so that the reader can easily verify that the four conditions in 1.3.2 hold. In each case, the Y are su ciently small that the required ltration F is clear once the Specht modules" S have all been indicated.
3.2. Example: m = 4, q = q u = q v = ,1, p 2. This Hecke algebra H over k is associated to the nite groups S p 4 q, where here q is a prime power satisfying q ,1 mod p. Here IrrH = f 1 ; 2 g, and C = It is also easily seen from the above that the modules e S R k obtained from 2.4.2 are S ,1 ; S 0 00 S 0 0, S 0 00 S 0 , and S 1 for = ;, fug, fvg, and fu; vg, respectively.
The modules e S R k are also dual left cell modules e S !k as de ned in x2.5. The algebra A = End H T is quasi-hereditary, as can be veri ed using CPS4; 3.1.5 . The latter provides necessary and su cient conditions for an endomorphism algebra as in 1.3.2 to be quasi-hereditary.
3.3. Example: m = 4, q u = q;q v = q 2 = ,1; p 2. The Hecke algebra H is that associated to the nite groups S U 4 q, where q 2 ,1 mod p. Here IrrH = f 1 ; 2 g, C = diag2; 2; 1 and T = P1 2 ,1 P,1 4 2 2 1 . Here Pi, i = 1, is a self-extension of i by itself. Here e S R k identi es with S ,1 , S 0 00 S 0 0 , S 0 00 S 0 and S 1 for = ;; fug; fvg, and fu; vg, respectively. However, the dual left cell modules e S !k identify with the S i . The algebra A = End R T is quasi-hereditary in this case.
3.4. Example: m = 6, q u = q 6 = ,1, q v = q 3 = ,1, q 2 , q + 1 = 0, p 2. Here H is associated to the nite Steinberg groups 3 D 4 q;q 3 , where q 6 ,1 and q 3 ,1 mod p. Then IrrH = f 1 ; ,1 ; 2 g and C = 3.5 The conjecture in rank 2 case. We now verify Conjecture 2.5.2 in the rank 2 case. The untwisted rank 2 case follows from 2.4.11, since the right set cells agree with the Kazhdan-Lusztig left cells. Thus, the conjecture holds in this case with e X = 0. There are total 4 twisted cases, three of which are described in 3.1.42,3,5. The following is a complete list for all cases, each of which is followed by the system c u ; c v . x S e H = A :
7 The cell structure for 2 F 4 has been worked out in DR .
